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CONSTRUCTING FOLD MAPS BY SURGERY
OPERATIONS AND HOMOLOGICAL INFORMATION OF
THEIR REEB SPACES
NAOKI KITAZAWA
Abstract. In this paper, as a fundamental study on the theory of
Morse functions and their higher dimensional versions or fold maps and
applications to geometric theory of manifolds, which were started in
1950s by differential topologists such as Thom and Whitney and have
been studied actively, we study algebraic and differential topological
properties of certain fold maps and their source manifolds. More pre-
cisely, we investigate fold maps obtained by surgery operations to funda-
mental fold maps and especially, homology groups of Reeb spaces, which
are defined as the space of all connected components of inverse images,
often inheriting important invariants of manifolds such as homology
groups and fundamental and important tools in studying manifolds.
Studies of this paper are especially motivated by the stream of stud-
ies of fold maps satisfying good (differential) topological properties such
as special generic maps, which were defined in 1970s and studied since
1990s by Saeki and Sakuma, and round fold maps, which were intro-
duced by the author in 2012–2014, and their source manifolds. More-
over, constructions of generic maps by fundamental surgeries to investi-
gate manifolds by using generic maps, studied by Kobayashi and Saeki
etc., also have motivated the present study.
1. Introduction and fundamental notation and terminologies
1.1. Historical backgrounds. Morse functions and fold maps, which are
regarded as higher dimensional versions of Morse functions, play important
roles in studying smooth manifolds by using generic maps since related studies
were started by Thom ([24]) and Whitney ([26]).
Let m and n be integers satisfying m ≥ n ≥ 1. A fold map from an m-
dimensional closed smooth manifold into an n-dimensional smooth manifold
without boundary is defined as a smooth map such that each singular point
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Differential topology.
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is of the form
(x1, · · · , xm) 7→ (x1, · · · , xn−1,
m−i∑
k=n
xk
2 −
m∑
k=m−i+1
xk
2)
for an integer 0 ≤ i ≤ m−n+12 (the integer i is uniquely determined and it is
called the index of the singular point). We easily have the following.
Proposition 1. (1) The set consisting of all singular points (the singular
set) of the map is a smooth closed submanifold of dimension n− 1 of
the source manifold.
(2) The restriction map to the singular set is a smooth immersion of
codimension 1.
We also note that if the restriction map to the singular set is an immer-
sion with normal crossings, then it is stable and stable fold maps satisfy this
property : stable maps are generic maps and important in the theory of global
singularity; see [2] for example. To know fundamental properties of fold maps,
see also [2] and [15] for example.
As a branch of the theory of fold maps, stable maps and generic maps
and its applications to studies of smooth manifolds, algebraic and differential
topological properties of fold maps of several classes such as special generic
maps, simple fold maps and round fold maps and manifolds admitting such
maps have been studied since 1990s.
A special generic map is defined as a fold map such that the indices of
singular points are always 0. Special generic maps were first introduced and
studied in [1] and differential topological theory of special generic maps has
developed owing to studies of Saeki and Sakuma especially in1990s. A Morse
function on a homotopy sphere with just two singular points is regarded as
a simplest special generic map; every smooth homotopy sphere of dimension
k 6= 4 and the 4-dimensional standard sphere S4 admits such a function and
conversely, a manifold admitting such a function is a homotopy sphere (see
[10] and [11] and see also [14]). Moreover, we easily obtain a special generic
map from any standard sphere of dimension k1 ≥ 2 into the k2-dimensional
Euclidean space Rk2 by the canonical projection of the unit sphere under the
assumption that k1 ≥ k2 ≥ 1 holds (FIGURE 1).
On the other hand, it was shown that a homotopy sphere of dimension
k1 admitting a special generic map into R
k2 is diffeomorphic to the standard
sphere Sk1 under the assumption that 1 ≤ k1 − k2 ≤ 3 holds (see [16] and
[17]). In addition, in [16], [17] and [18], the diffeomorphism types of manifolds
admitting special generic maps into R2 and R3 are completely or partially clas-
sified. A Morse function and its singular points tells us homology groups and
some information on homotopy of the source manifold and a special generic
map and its singular points often tells us more; the homeomorphism and
diffeomorphism type of the source manifold.
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Figure 1. The canonical projections of the unit spheres for
the cases k2 = 1 and k2 ≥ 2.
Such interesting properties of special generic maps imply that considering
appropriate classes of (stable) fold maps and studying algebraic and differ-
ential topological properties of such maps and manifolds admitting them is
essential in the theory of fold maps. As generalizations, simple fold maps and
fold maps such that connected components of inverse images containing no
singular points are spheres have been also studied in [15] and [20] for example.
Motivated by this stream, round fold maps were introduced in 2012–2014 by
the author in [4] and [5].
Definition 1 ([4] and [5]). A round fold map is a fold map into an Euclidean
space of dimension larger than 1 satisfying the following three.
(1) The singular set is a disjoint union of standard spheres.
(2) The restriction map to the singular set is an embedding.
(3) The set consisting of all the singular values (the singular value set) of
the map is a disjoint union of spheres embedded concentrically.
See also FIGURE 2, representing the singular value set of a round fold map
into the plane.
Some special generic maps are round fold maps. The standard sphere of
dimension m > 1 admits such a map into Rn under the assumption that
m ≥ n ≥ 2 holds; we can construct the map by the natural projection before
and the resulting singular set is the (n − 1)-dimensional standard sphere as
shown also in FIGURE 1. Furthermore, in [15], Saeki constructed such a map
into the plane on every homotopy sphere whose dimension is larger than 1
and not 4.
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Figure 2. The singular value set of a round fold map into
the plane.
Homology and homotopy groups and more precisely, the homeomorphism
and diffeomorphism types of manifolds admitting round fold maps were stud-
ied in [3], [4], [5] and [6] under appropriate conditions by the author. For
example, homology and homotopy groups of manifolds admitting round fold
maps such that the inverse images of regular values are disjoint unions of
spheres were studied in [4] and [5]. In addition, the following has been shown
through explicit constructions of fold maps in [3], [4] or [6].
Proposition 2 ( [3], [4] or [6]). Let m and n be integers satisfying m > n ≥ 2.
(1) The total space of a smooth bundle over Sn whose fiber is diffeomor-
phic to a homootpy sphere Σ obtained by gluing two copies of a stan-
dard closed disc on the boundaries by a diffeomorphism admits a round
fold map into Rn satisfying the following conditions.
(a) The singular set consists of 2 connected components.
(b) The inverse image of a regular value in the connected compo-
nent of the regular value set, which is an open disc, is a disjoint
union of two copies of the homotopy sphere Σ and these homo-
topy spheres are both fibers of the bundle.
(2) A smooth manifold represented as a connected sum of l smooth man-
ifolds regarded as the total spaces of smooth bundles over Sn whose
fibers are diffeomorphic to Sm−n admits a round fold map into Rn
satisfying the following conditions.
(a) The inverse image of each regular value is a disjoint union of
standard spheres and regarded as a fiber of a smooth bundle above.
(b) The number of connected components of the inverse image of a
regular value in the connected component of the regular value set,
which is an open disc, is l.
Note that explicit constructions are fundamental problems in the theory of
fold maps, that succeeding in constructions help us to know precise structures
of manifolds such as topological properties of submanifolds obtained as inverse
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Figure 3. Round fold maps into Rn (n ≥ 2) of Proposition
2 (each manifold represents the corresponding inverse image
of each regular value).
images of regular values and that they will help us to study manifolds by the
theory of fold maps easy to handle. However, constructions are often difficult
except cases such as special generic maps and some round fold maps mentioned
here.
1.2. Main works of this paper and fundamental notation and ter-
minologies. In this paper, we study algebraic and differential topological
properties of fold maps which are not always round or special generic and
manifolds admitting such maps. For example, we mainly study structures
of fold maps obtained inductively by iterations of fundamental operations to
algebraic and differential topologically simpler fold maps. In these studies,
we introduce operations consisting of surgeries or operations of making sin-
gular value sets larger and exchanging inverse images of the maps locally and
construct several new explicit more complex fold maps. Such operations were
also introduced by Kobayashi and Saeki in [7] and [9] for example and based
on the ideas of the operations, we introduce these new operations.
Before introducing the operations, we review the Reeb space of a smooth
map, which is defined as the space consisting of all connected components of
inverse images of the map and is a fundamental tool in studying the mani-
fold. In fact, the Reeb spaces often inherit fundamental invariants of source
manifolds such as homology groups.
Next, we introduce a (normal) bubbling operation and as specific versions,
an M-bubbling operation and an S-bubbling operation to a (stable) fold map
(Definition 3 and Definition 5). Through [7] and [8], Kobayashi introduced
a bubbling surgery as a surgery operation to obtain explicit stable fold maps
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and he succeeded in constructing explicit (stable) fold maps and bubbling op-
erations are regarded as extensions of bubbling surgeries. We apply bubbling
operations to fold maps and we obtain new maps. We can easily perform such
operations to stable fold maps (Example 1 (1)) and as specific cases, for ex-
ample, by the definition, if we perform an S-bubbling operation to a fold map
such that (the restriction map to the singular set is an embedding and that)
the inverse images of regular values are always disjoint unions of spheres as
presented in Proposition 2, then we can obtain a fold map satisfying a similar
condition (Example 1 (4)). We mainly study Reeb spaces of maps obtained by
finite iterations of (normal) bubbling operations starting from a simpler fold
map. As main theorems, we see that Euler numbers and homology groups of
the resulting Reeb spaces or equivalently, the difference of these numbers and
groups must satisfy some conditions and that they are often also flexible; for
infinitely many integers, we obtain maps and Reeb spaces so that the Euler
numbers are the given numbers and we see that there are many types of ho-
mology groups of the resulting Reeb spaces: for example, on the other hands,
if we only consider round fold maps such that the inverse images of regular
values are disjoint unions of spheres, then homology groups of Reeb spaces
are not so flexible (this fact is also pointed out in Example 2 (1) for example.)
We also introduce isomorphisms between (co)homology and homotopy groups
of manifolds admitting stable fold maps such that the restriction map to the
singular set is an embedding or more generally, simple fold maps, which will
appear in Example 4 with the definition, and that the inverse images of regu-
lar values are disjoint unions of spheres and those groups of their Reeb spaces,
which were discussed in [19] and [23] and later in [4] and [5] (Proposition 4).
As mentioned before, by an iteration of S-bubbling operations starting from
a fold map satisfying the condition posed here, we always obtain a fold map
satisfying this condition.
By combining obtained results on Euler numbers and (co)homology groups
of Reeb spaces and these relations, for example, we can observe that (the
changes of) Euler numbers and homology groups of manifolds admitting fold
maps obtained by finite iterations of normal S-bubbling operations starting
from a simpler fold map satisfying the condition here must satisfy some con-
ditions and that (the changes of) the Euler numbers and the homology groups
are often also flexible.
In this paper, for a smooth map c, we define the singular set of c as the set
consisting of all singular points of c as in the presentation of the fundamental
properties of fold maps before or Proposition 1 and denote it by S(c). For the
smooth map c, we call c(S(c)) the singular value set of c as in the presentation
of the definition of a round fold map or Definition 1 before. We call Rn −
c(S(c)) the regular value set of c.
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We also note on (homotopy) spheres. In this paper, an almost-sphere of
dimension k means a homotopy sphere given by gluing two k-dimensional
standard closed discs together by a diffeomorphism between the boundaries.
We often use terminologies on (fiber) bundles in this paper (see also [12]
and [22]). For a topological space X , an X-bundle is a bundle whose fiber is
X . A bundle whose structure group is G is said to be a trivial bundle if it is
equivalent to the product bundle as a bundle whose structure group is G. A
linear bundle is a smooth bundle whose fiber is a standard disc or a standard
sphere and whose structure group consists of linear transformations on the
fiber.
Throughout this paper, we assume that M is a smooth, closed and con-
nected manifold of dimension m, that N is a smooth manifold of dimension
n without boundary, that f : M → N is a smooth map and that m ≥ n ≥ 1.
Manifolds are of class C∞ and maps between manifolds are also of class C∞
and fold maps unless otherwise stated in the proceeding sections. In addition,
the structure groups of bundles such that the fibers are (smooth) manifolds
are assumed to be (subgroups of) diffeomorphism groups.
2. Reeb spaces and (normal) S-bubbling operations
2.1. Definitions and fundamental properties of Reeb spaces and nor-
mal S-bubbling operations. First, we review Reeb spaces of maps (see also
[14]).
Definition 2. Let X and Y be topological spaces. For p1, p2 ∈ X and for a
map c : X → Y , we define as p1∼cp2 if and only if p1 and p2 are in a same
connected component of c−1(p) for some p ∈ Y . ∼c is an equivalence relation.
We denote the quotient space X/∼c by Wc and call Wc the Reeb space
of c.
We denote the induced quotient map from X into Wc by qc. We can define
c¯ :Wc → Y uniquely so that the relation c = c¯ ◦ qc holds.
For a (stable) fold map c, the Reeb space Wc is regarded as a polyhedron.
For example, for a Morse function, the Reeb space is a graph and for a special
generic map, the Reeb space is regarded as a smooth manifold immersed into
the target manifold (see section 2 of [16]).
Definition 3. For a fold map f : M → N , let P be a connected component
of the regular value set Rn − f(S(f)). Let S be a connected and orientable
closed submanifold of P and N(S), N(S)i and N(S)o be small closed tubular
neighborhoods of S in P such that N(S)i ⊂ N(S) ⊂ N(S)o holds. Further-
more, we can naturally regard N(S)o as a linear bundle whose fiber is an
(m−n+1)-dimensional disc of radius 1 and N(S)i and N(S) are subbundles
of the bundle N(S) whose fibers are (m − n + 1)-dimensional discs of radii
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1
3 and
2
3 , respectively. Let f
−1(N(S)o) have a connected component Q such
that f |Q makes Q a bundle over N(S)o.
Let us assume that there exist an m-dimensional closed manifold M ′ and
a fold map f ′ :M ′ → Rn satisfying the following.
(1) M − IntQ is a compact submanifold (with non-empty boundary) of
M ′ of dimension m.
(2) f |M−IntQ = f
′|M−IntQ holds.
(3) f ′(S(f ′)) is the disjoint union of f(S(f)) and ∂N(S).
(4) (M ′− (M −Q))
⋂
f−1(N(S)i) is empty or f
′|(M ′−(M−Q))
⋂
f−1(N(S)
i
)
makes (M ′ − (M −Q))
⋂
f−1(N(S)i) a bundle over N(S).
These assumptions enable us to consider the procedure of constructing f ′
from f and we call it a normal bubbling operation to f and, f¯−1(S)
⋂
qf (Q),
which is homeomorphic to S, the generating manifold of the normal bubbling
operation.
Furthermore, let us suppose additional conditions.
(1) f ′|(M ′−(M−Q))
⋂
f−1(N(S)
i
) makes (M
′ − (M −Q))
⋂
f−1(N(S)i) the
disjoint union of two bundles over N(S), then the procedure is called
a normal M-bubbling operation to f .
(2) f ′|(M ′−(M−Q))
⋂
f−1(N(S)
i
) makes (M
′ − (M −Q))
⋂
f−1(N(S)i) the
disjoint union of two bundles over N(S) and the fiber of one of the
bundles is an almost-sphere, then the procedure is called a normal
S-bubbling operation to f .
FIGURE 4 shows explicit examples of bubbling operations and FIGURE 5
shows explicit local changes of Reeb spaces by M-bubbling operations.
In the following example we present explicit and important facts on normal
S-bubbling operations.
Example 1. (1) Let f : M → N be a fold map. Let P be a connected
component of the set f(M) − f(S(f)). Let S be a connected and
orientable closed submanifold of P such that there exists a connected
component S′ of f−1(S) and that f |S′ : S
′ → S makes S′ a trivial
bundle over S; for example, let S be in the interior of an open ball
in the interior of P . Let fm,n,S be a Morse function such that the
following hold.
(a) fm,n,S is a Morse function on a compact manifold one of con-
nected components of whose boundary is the fiber F of the bun-
dle S′ over S and with just one singular point.
(b) The inverse image of the maximal value is the component, dif-
feomorphic to S, and the inverse image of the minimal value is
the disjoint union of connected components of the boundary ex-
cept the previous one if the disjoint union is not empty and is
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Figure 4. Local changes of singular value sets by M-
bubbling operations: (n, k) = (1, 0), (n, k) = (2, 0) and
(n, k) = (2, 1) respectively.
Figure 5. Local changes of Reeb spaces by M-bubbling op-
erations: (n, k) = (1, 0), (n, k) = (2, 0) and (n, k) = (2, 1)
respectively.
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the singular point of fm,n,S if the disjoint union is empty (or the
index of the singular point is 0).
Then, by a normal bubbling operation to f such that the generating
manifold is S′, we can obtain a new fold map f ′ :M ′ → Rn satisfying
the following conditions where we abuse notation in Definition 3. We
call this operation a trivial normal bubbling operation.
(a) f |M−IntQ = f
′|M−IntQ.
(b) f ′|f ′−1(N(S)i)
⋂
(M ′−(M−Q)) gives a disjoint union of two trivial
bundles over N(S)i whose fibers are both almost-spheres.
(c) There exists a connected component of f ′−1(N(S)o − IntN(S)i)
such that the restriction map of f ′ to the component is regarded
as the product of the Morse function fm,n,S and id∂N(S).
Moreover, let the normal bundle or tubular neighborhood of S be
trivial. No(S) is represented by S × Dn−dimS and S is regarded as
S × {0} ⊂ S ×Dn−dimS . For example, let S be the standard sphere
embedded as an unknot in the interior of an open ball in the interior of
P . Furthermore, let the restriction of f ′ to f ′
−1
(N(S)o) is regarded as
the product of a surjective map f ′|f ′−1(Dn−dimS) : f
′−1(Dn−dimS) →
Dn−dimS where Dn−dimS is a fiber of the trivial bundle N(S)o and
idS . Then we call the previous operation a strongly trivial normal
bubbling operation.
(2) In the previous example, if the fiber F is orientable and F1 and F2 is a
smooth, closed, connected and orientable so that by orienting F1, F2
and F appropriately, F is represented as a connected sum of F1 and
F2, then, we can consider fm,n.S so that the boundary of its source
manifold consists of three connected components and the boundary
with the connected component F removed is the disjoint union of F1
and F2. In this case, the normal bubbling operation is an M-bubbling
operation.
(3) In (1), for any almost-sphere Σ of dimension m − n, we can con-
sider fm,n.S so that the boundary of its source manifold consists of
three connected components and the boundary with the connected
component F removed is the disjoint union of Σ and a manifold F ′
homeomorphic to F . In this case, the operation is an S-bubbling
operation.
(4) If we perform a normal S-bubbling operation to a fold map such
that the inverse images of regular values are always disjoint unions
of almost-spheres (standard spheres), then we obtain a fold map sat-
isfying this condition again.
A simple fold map is a fold map such that the map qf |S(f) : S(f) ⊂
M → Wf is injective (see [15] and [20] for example). Any special
generic map and fold map such that the map f |S(f) is an embedding
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are simple fold maps. If we perform a normal S-bubbling operation to
a simple fold map (such that the map f |S(f) is an embedding), then
so is the resulting fold map.
The following proposition is a fundamental and key tool in the present
paper.
Proposition 3. For a fold map f : M → N , let f ′ : M ′ → N be a fold map
obtained by a normal M-bubbling operation to f and let S be the generating
manifold of the normal M-bubbling operation and of dimension k < n. Then
for any PID R and integer i, we have
Hi(Wf ′ ;R) ∼= Hi(Wf ;R)⊕ (Hi−(n−k)(S;R)).
We prove Proposition 3 in the proof of Proposition 6 later; Proposition 3
follows immediately from Proposition 6.
We have the following as a corollary.
Corollary 1. In the situation of Proposition 3, if Hi−n+k(S;R) is free and
Hi(Wf ;R) is free, then Hi(Wf ′ ;R) is also free.
In this paper, for a topological space X , we denote the Euler number of X
by χ(X). This is another corollary to Proposition 3
Corollary 2. In the situation of Proposition 3, we have the formula χ(Wf ′) =
χ(Wf ) + (−1)n−kχ(S).
2.2. Restrictions and flexibility on topological properties of maps
and the source manifolds obtained by finite iterations of normal
M-bubbling operations. We see restrictions and flexibility on topological
properties of (the Reeb spaces of) maps and the source manifolds obtained
by applying normal M-bubbling (S-bubbling) operations. We investigate the
Euler numbers and homology groups of the Reeb spaces and source manifolds.
More precisely, we construct new fold maps from given explicit fold maps by
applying normal M-bubbling (resp. S-bubbling) operations and observe that
there are some topological restrictions on obtained maps and their Reeb spaces
and the source manifolds. Moreover, we also show that the Euler numbers
and the homology groups of obtained Reeb spaces and source manifolds are
often various.
Before considering normal M-bubbling and S-bubbling operations and see
topological properties of the resulting maps and source manifolds, we intro-
duce fundamental key propositions and a class of fold maps.
The following proposition includes propositions in [19] and [5].
Proposition 4. Let m and n be integers satisfying m > n ≥ 1. Let M be a
closed and connected orientable manifold of dimension m and N be a manifold
without boundary.
Then, for a simple fold map f : M → N such that inverse images of
regular values are always disjoint unions of almost-spheres and that indices of
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singular points are always 0 or 1, two induced homomorphisms qf ∗ : pij(M)→
pij(Wf ), qf ∗ : Hj(M ;R) → Hj(Wf ;R), and qf
∗ : Hj(Wf ;R) → Hj(M ;R)
are isomorphisms for 0 ≤ j ≤ m− n− 1 and for any ring R.
Furthermore, if the ring R is a PID and the relation m = 2n holds, then
the rank of M is twice the rank of Wf . In addition, if Hn−1(Wf ;R), which is
isomorphic to Hn−1(M ;R), is free, then they are also free.
The last statement of Proposition 4 on the homology groups for them = 2n
are not discussed in the mentioned papers but we easily obtain them by virtue
of universal coefficient theorem and Poincare duality theorem.
Moreover, isomorphisms between the (co)homology groups or modules are
not discussed in these papers. However, it is easy to know that the induced
maps give mentioned isomorphisms.
By using this proposition, we see restrictions and flexibility on algebraic
topological properties of maps as in Example 1 (2) and the source manifolds.
Most of obtained propositions and theorems of the present paper are stated
as the statements on Reeb spaces and we can interpret them as ones on the
source manifolds in the case of Example 1 (2).
In addition, we review several fundamental facts on special generic maps
easily understood by fundamental facts and discussions in [16] and we define
a class of fold maps, which generalizes the class of special generic maps.
Definition 4. A fold map is said to be almost special generic if a fold map
is obtained by an iteration of normal S-bubbling operations such that the
homology groups of each generating manifold with coefficient ring Z are free
from a special generic map.
A special generic map is also an almost special generic map. The Reeb space
of a special generic map into an Euclidean space is a compact parallelizable
manifold with non-empty boundary whose dimension is equal to the dimension
of the Euclidean space and that of an almost special generic map is in general
not a manifold, which is a fundamental fact.
We mention another fundamental fact on source manifolds of special generic
maps. Everym-dimensional manifold represented as a connected sum of prod-
ucts of two standard spheres Sj1 and Sj2 admits a special generic map into Rn
(n ≥ 2) if the relation 1 ≤ j1 ≤ n − 1 holds. Every m-dimensional manifold
represented as a connected sum of products of two standard spheres Sj1 and
Sj2 admits a special generic map into Rn if the relation 1 ≤ j1 ≤ n holds. As
an example, see also FIGURE 6.
In general, if an m-dimensional manifold admits a special generic map
into Rn, then a manifold represented as the connected sum of the previous
manifold and a source manifold as in Proposition 2 admits an almost special
generic map into Rn. As an example, see also FIGURE 7: note that the
source manifold does not admit a special generic map into the plane by a
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Figure 6. Images of special generic maps on S1 × Sm−1
(m ≥ 3) and a manifold represented as a connected sum of
two copies of the manifold into the plane.
classification theorem of manifolds admitting special generic maps into the
plane in [16].
The following proposition follows essentially from facts on the restrictions
on the homology groups of the Reeb spaces of special generic maps shown
by Nishioka [13] together with Proposition 4. We introduce the proposition
without proof.
Proposition 5. Let m and n be integers satisfying m− (n − 2) > n ≥ 3. If
an m-dimensional manifold M admits a special generic f into N = Rn. If the
1st homology groups H1(M ;Z) and H1(Wf ;Z) are trivial, then the (n− 2)-th
homology groups Hn−2(M ;Z) and Hn−2(Wf ;Z) are free.
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Figure 7. The image of an almost special generic map on
a manifold represented as a connected sum of S1 × Sm−1
(m ≥ 3) and S2×Σ into the plane: manifolds and the empty
set ∅ represent inverse images of corresponding regular values
where Σ is an almost-sphere.
Based on the preliminary, we now introduce some results. First, applying
Corollary 2, we show the following.
Theorem 1. Let f :M → N be a fold map.
(1) Let n be even (odd). If we perform a finite iteration of normal M-
bubbling operations such that the Euler numbers of generating mani-
folds are not negative starting from f , then the resulting Euler num-
bers of the resulting Reeb spaces are not smaller (resp. larger) than
the Euler number of Wf . Moreover, every positive integer not smaller
(resp. larger) than this Euler number is realized as the resulting Reeb
space of an iteration of normal M-bubbling operations.
(2) Let n be 1 (2). If we perform a finite iteration of normal M-bubbling
operations starting from f , then the resulting Euler number of the re-
sulting Reeb space is not larger (resp. smaller) than the Euler number
of Wf .
(3) Let n ≥ 3. By performing a finite iteration of normal M-bubbling (S-
bubbling) operations starting from f , every integer is realized as the
Euler number of the resulting Reeb space.
Proof. The former part of the first statement immediately follows from Corol-
lary 2 by considering normal M-bubbling (S-bubbling) surgeries whose gen-
erating manifolds are points, whose Euler numbers are 1 (we take the points
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as in Example 1 (1)). The latter part is easily obtained by applying a finite
iteration of normal M-bubbling (resp. S-bubbling) operations such that the
generating manifolds are points starting from f , by virtue of Corollary 2.
We easily have the second statement for n = 1 by the fact that the gener-
ating manifold is always a point and by Corollary 2. For n = 2, we have the
result by the fact that the generating manifold is always a point or a circle
(the Euler number is 0) and by Corollary 2.
We prove the third statement. We prove this in the case where n is even.
It is sufficient to show that for any integer l smaller than the Euler number
χ(Wf ) of Wf , by a finite iteration of normal M-bubbling (resp. S-bubbling)
operations starting from f , we obtain a fold map such that the resulting Euler
number of the resulting Reeb space is l. We can take a closed, connected and
orientable surface of genus g ≥ 2, whose Euler number is 2− 2g < 0, so that
χ(Wf ) + (2− 2g) is not larger than l. We can also take l− (χ(Wf ) + 2− 2g)
distinct points which are not in the previous surface. By the finite iteration of
normal M-bubbling (resp. S-bubbling) operations whose generating manifolds
are homeomorphic to this surface and these points, we obtain a fold map such
that the resulting number of the resulting Reeb space is l. Note that the
surface and points can be taken as in Example 1 (1) or in an open ball in an
appropriate connected component of the regular value set. We can prove the
statement similarly in the case where n is odd.

Next, by using Proposition 3 inductively, we have the following.
Theorem 2. Let R be a PID. Let f :M → N be a fold map.
(1) For any integer 0 ≤ j ≤ n, we define Gj as a free finitely generated
module over R so that G0 is a trivial module and Gn is not a trivial
module, and the sum
∑n−1
j=1 rank Gj of the ranks of Gj is not larger
than the rank of Gn. Then, by a finite iteration of normal M-bubbling
(S-bubbling) operations starting from f , we obtain a fold map f ′ and
Hj(Wf ′ ;R) is isomorphic to Hj(Wf ;R)⊕Gj .
(2) Let f ′ be a fold map obtained by a finite iteration of normal M-bubbling
operations starting from f . Then, H0(Wf ′ ;R) is R and Hn(Wf ′ ;R) is
represented as the product sum of the original group Hn(Wf ;R) and
a finitely generated and free module G.
Suppose that for a positive integer k and for the Reeb space Wf ′ ,
Hj(Wf ′ ;R) is isomorphic to Hj(Wf ;R) for 0 < j < k and that in
the case of Hk(Wf ′ ;R), this fact does not hold, then Hk(Wf ′ ;R) is
represented as a product sum of Hk(Wf ;R) and a finitely generated
and free module G′ and the rank of G′ is not larger than that of G.
Especially, if these ranks coincide, then all generating manifolds of
normal S-bubbling operations performed are (n− k)-dimensional and
two modules Gj and Gj
′ such that the product sum of Hn−k+j(Wf ;R)
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and Gj is isomorphic to Hn−k+j(Wf ′ ;R) and that the product sum
of Hn−j(Wf ;R) and Gj
′ is isomorphic to Hn−j(Wf ′ ;R) coincide for
any integer 0 ≤ j ≤ k.
(3) Let f ′ be a fold map obtained by a finite iteration of normal M-bubbling
operations starting from f . Then, Hn−1(Wf ′ ;R) is represented as a
module Hn−1(Wf ;R) and a finitely generated and free module.
(4) Let n ≥ 3 and odd (even). Let f ′ be a fold map obtained by a finite
iteration of normal M-bubbling operations such that the dimensions
of the generating manifolds are smaller than 4 starting from f . As-
sume that the Euler number χ(Wf ′) is smaller (resp. larger) than
the original Euler number χ(Wf ). Let l be the minimal integer not
smaller than
|χ(Wf′ )−χ(Wf )|
2 . Then the rank of Hn(Wf ′ ;R) minus that
of Hn(Wf ′ ;R) must be not smaller than l.
(5) Let n ≤ 6 and odd (even). Let f ′ be a fold map obtained by a finite
iteration of normal M-bubbling operations. If the difference χ(Wf ′)−
χ(Wf ) is an odd number and smaller (resp. larger) than −1 ((resp.
1)), then, the rank of Hn(Wf ′ ;R) minus that of Hn(Wf ;R) must be
larger than 1.
Proof. We prove each statement in the case that the map f is the canonical
projection of the standard sphere or more precisely, in the case where the
modules H∗(Wf ;R) and H∗(D
n;R) are isomorphic.
We prove the first statement. Set gj := rankGj . We can choose a disjoint
union of gj copies of the (n − j)-dimensional standard spheres for 0 < j ≤ n
smoothly embedded in an open disc in the interior Intf(M) of the image and
gn −
∑n−1
j=1 gj points in Intf(M). We apply normal M-bubbling operations
such that the generating manifolds are inverse images of spheres or points
in the previous disjoint union by the maps from the Reeb spaces to Rn as
in Definition 2 one after another starting from the given map f ; in fact we
can apply strongly trivial normal M-bubbling operations. Thus, by virtue of
Proposition 3, we can obtain a desired map. If we choose a disjoint union of gj
(n− j)-dimensional manifolds whose homology types with coefficient rings R
are isomorphic to that of an (n−j)-dimensional sphere for 0 < j < n smoothly
embedded in the interior Intf(M) and gn −
∑n−1
j=1 gj points there so that we
can demonstrate a finite iteration of normal M-bubbling operations, then we
always obtain a desired map. We prove the second statement. H0(Wf ′ ;R) is
R and Hn(Wf ′ ;R) is finitely generated and free; by Proposition 3, this easily
follows and the rank of Hn(Wf ′ ;R) equals the number of the time of normal
M-bubbling operations we need to obtain f ′. By Proposition 3, the maximum
of the dimensions of the generating manifolds of these normal M-bubbling
operations must be n − k. It also follows that Hk(Wf ′ ;R) is free and that
its rank and the number of the time of normal M-bubbling operations with
generating manifolds of dimension n− k coincide. Thus the rank is not larger
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than the ran of Hn(Wf ′ ;R).
The extra statements are obvious. In fact, if these ranks coincide, then all
the generating manifolds of normal M-bubbling operations performed must
be (n − k)-dimensional and the ranks of Hn−k+j(Wf ;R) and Hn−j(Wf ;R)
coincide for any integer 0 ≤ j ≤ k by virtue of Poincare duality theorem for
each generating manifold and Proposition 3.
We prove the third statement. Let M1 and M2 be m-dimensional, smooth,
closed and connected manifolds, N be an n-dimensional smooth manifold
without boundary and f1 : M1 → N be a fold map. Let f2 : M2 → N be a
fold map obtained by a normal M-bubbling operation to f1 whose generating
manifold is S and of dimension k. By Proposition 3, we have Hn−1(Wf2 ;R)
∼=
Hn−1(Wf1 ;R) ⊕ (Hk−1(S;R) ⊗ R). Note that Hk−1(S;R) is free; if k is
1 or 2, then S is, by the assumption, orientable and Hk−1(S;R) is finitely
generated and free, and if k is larger than 2, thenH1(S;R) is finitely generated
and free and by virtue of the Poincare duality theorem together with the
assumption that S is orientable, so is Hk−1(S;R). By the induction, we have
the mentioned result.
We prove the fourth statement. We prove this in the case where n is odd.
If the Euler number of a connected closed orientable manifold of dimension
smaller than 4 is not zero, then the manifold is a point or 2-dimensional and
the Euler number is 1 or represented as 2−2g for a non-negative integer g, re-
spectively. The minimum of the rank of Hn(Wf ′ ;R) is realized by considering
a finite iteration of normal M-bubbling operations whose generating manifolds
are a 2-dimensional sphere in the case where the difference of Euler numbers
χ(Wf ′)−χ(Wf ) is even and the rank is
|χ(Wf′ )−χ(Wf )|
2 . In the case where the
difference is odd, the minimum of the rank is realized by considering a finite
iteration of normal S-bubbling operations such that the generating manifold
of one of the operations is a point and that the generating manifolds of the
others are 2-dimensional spheres and the rank is
|χ(Wf′ )−χ(Wf )|−1
2 + 1. We
can prove the statement in the case where n is even similarly.
We prove the last statement. The Euler numbers of odd dimensional closed
and connected orientable manifolds are 0. The Euler numbers of even dimen-
sional closed and connected orientable manifolds we can embed into manifolds
whose dimensions are not larger than 6 must be even numbers or odd numbers
which are smaller than 2. The last part of this fact on Euler numbers of even
dimensional closed and connected orientable manifolds is shown by the follow-
ing. By a fundamental discussion on characteristic classes or Stiefel-Whitney
classes, 4-dimensional manifolds we can embed into 5 or 6-dimensional mani-
folds are spin and their 2nd Stiefel-Whitney classes vanish and the Euler num-
bers are always even. 0-dimensional closed and connected orientable manifolds
are points and the Euler numbers are 1 and for 2-dimensional ones, the Euler
numbers are even and not larger than 2. By virtue of Corollary 2 and these
18 NAOKI KITAZAWA
facts on embeddings of manifolds, by a single M-bubbling operation or equiv-
alently, in the case where the rank of Hn(Wf ′ ;R) minus that of Hn(Wf ;R) is
1, for the resulting fold map f ′, the value χ(Wf ′)− χ(Wf ) cannot be an odd
number not larger than −3 in the case where n is odd and cannot be an odd
number not smaller than 3.
This completes the proof. 
Let us see cohomology groups. To simplify the problem, let us assume that
each moduleHk(Wf ;R) of the original Reeb spaceWf is free. By universal co-
efficient theorem, in the situation of Theorem 2 (1), Hj(Wf ′ ;R) is isomorphic
to Hj(Wf ′ ;R) for 0 ≤ j ≤ n and in the situation of (2) and (3), Hj(Wf ′ ;R)
is isomorphic to Hj(Wf ′ ;R) for 0 ≤ j ≤ k and j = n and Hk+1(Wf ′ ;R) is
isomorphic to HomR(Hk+1(Wf ′ ;R), R).
Example 2. (1) We can say that in [3] and [4], maps in Proposition 2
have been obtained by finite iterations of (strongly) trivial normal
S-bubbling operations whose generating manifolds are points starting
from a round fold map whose singular set is connected on the standard
sphere of dimension m into the Rn. Note that the Reeb spaces are
simple homotopy equivalent to the bouquet of l−1 copies of Sn. This
is a specific case of Theorem 2 (1).
In [8], Kobayashi invented a bubbling surgery to a stable (fold) map
and we can also say that maps in Proposition 2 have been obtained
by finite iterations of bubbling surgeries.
More precisely, a bubbling surgery is a surgery operation to con-
struct a new stable fold map from a given stable fold map so that
the singular value set of the new map is the disjoint union of that
of the given map and a sphere bounding a closed disc whose interior
does not contain singular values and that the outside of a small neigh-
borhood of the disc does not change. For this, see FIGURE 2 and
FIGURE 3, some of figures in which represent bubbling surgeries ex-
plicitly. Note that a bubbling surgery is a normal bubbling operation
whose generating manifold is a point.
(2) In the situation of Theorem 2 (3), if m = 2n holds, each module
Hj(Wf ;R) is free and f is a fold map satisfying the condition in
Proposition 4 posed on the map, then by the proposition, Hj(M ;R)
and Hj(Wf ;R) are isomorphic for 0 ≤ j ≤ m − n − 1 = n − 1 and
Hn(M ;R) is an R-module whose rank is twice the rank ofHn(Wf ;R).
In addition,Hn−1(Wf ;R), which is isomorphic toHn−1(M ;R), is free,
so the two modules Hn(M ;R) and Hn(Wf ;R) are also free.
For example, Theorem 1 (1) and (3) and Theorem 2 (1) show flexibility of
Euler numbers and homology groups of Reeb spaces and as a result those of
source manifolds of the resulting maps explicitly.
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The following theorem also shows such flexibility.
Theorem 3. Let k and n be positive integers and let l be a non-negative
integer satisfying l < l + 1 < k < n. Let S be a closed, connected and
orientable manifold of dimension n− k which we can embed into Rn−l.
Let R be a PID. Let f :M → N be a fold map
Then, by a normal M-bubbling (S-bubbling) operation to f , we have a fold
map f ′ :M ′ → N satisfying the following condition.
Hj(Wf ′ ;R) ∼=


R (j = 0)
Hj(Wf ;R)⊕Hj−l−1(S;R) (l + 1 ≤ j ≤ k − 1)
Hj(Wf ;R)⊕Hj−l−1(S;R)⊕Hj−k(S;R) (k ≤ j ≤ n− 1)
Hn(Wf ;R)⊕R (j = n)
Hj(Wf ;R) (otherwise)
Proof. We can embed S into Rn−l and there exists a manifold S′ regarded as
the total space of an oriented linear Sk−l−1-bundle over S whose Euler class
vanishes and which we can embed into Rn. For any PID R, we have
Hj(S
′;R) ∼=


Hj(S;R) (0 ≤ j ≤ k − l − 2)
Hj(S;R)⊕Hj−k+l+1(S;R) (k − l− 1 ≤ j ≤ n− l− 2)
Hj(S;R) (j = n− l − 1)
.
By virtue of Proposition 3, by a normal M-bubbling (S-bubbling) operation
to f such that the generating manifold is f¯−1(S′), we obtain a desired map f ;
for example, take S in an open ball in an appropriate connected component
of the regular value set as in Example 1 (1) and perform a trivial normal
M-bubbling (resp. S-bubbling) operation. 
As a specific case, we have the following.
Corollary 3. Let S be a closed, connected and orientable manifold whose
dimension is not smaller than 1 and not larger than n2 . Set l be an integer
satisfying 0 ≤ l ≤ n − 2 dimS and if dimS = 1 holds or S is a circle, then
assume that 0 ≤ l < n− 2 dimS holds.
Let R be a PID. Let f :M → N be a fold map.
Then, by a normal M-bubbling (S-bubbling) operation to f , we have a fold
map f ′ :M ′ → N satisfying the following.
Hj(Wf ′ ;R) ∼=


R (j = 0)
Hj(Wf ;R)⊕Hj−l−1(S;R) (l + 1 ≤ j ≤ n− dimS − 1)
Hj(Wf ;R)⊕Hj−l−1(S;R)⊕Hj−n+dimS(S;R)
(n− dimS ≤ j ≤ n− 1)
Hn(Wf ;R)⊕R (k = n)
Hj(Wf ;R) (otherwise)
.
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Proof. We can embed any closed manifold X into R2 dimX by virtue of Whit-
ney embedding theorem. From this fact, in the situation of Theorem 4, we
can set n − k := dimS and we have l < l + 1 < k < n. Thus, we have the
result.

Example 3. Let G be any finitely generated commutative group. There ex-
ists a closed, connected and orientable 3-dimensional manifold S satisfying
H1(S;Z) = G. We can embed S into R
n where n ≥ 5 holds ([25]). For
such n, we can apply Proposition 3 to a fold map f : M → N such that
for the resulting map f ′ : M ′ → N , Hj(Wf ′ ;Z) is isomorphic to Hj(Wf ′ ;Z)
for 0 < j ≤ n − 4 and Hn−3(Wf ′ ;Z) is isomorphic to the direct sum of
Hn−3(Wf ;Z) and Z and Hn−2(Wf ′ ;Z) is isomorphic to the direct sum of
Hn−2(Wf ;Z) and G. By choosing suitable integers k ≥ 1 and l ≥ 0, we can
also apply Theorem 2 or, for n ≥ 6, Corollary 1. In this case, for the map
f ′, Hl+1(Wf ′ ;Z) is isomorphic to Hl+1(Wf ;Z) and Z and Hl+2(Wf ′ ;Z) is
isomorphic to the direct sum of Hl+2(Wf ;Z) and G or G⊕ Z.
Related to this example and the presented theorem and corollary, we show
explicit result on flexibility of homology groups of Reeb spaces of maps ob-
tained by normal M-bubbling (S-bubbling) operations whose generating man-
ifolds are as mentioned in the example or the theorem and corollary.
Let n be an integer larger than 6 and let f : M → N be a fold map. Let
j be an integer satisfying 0 ≤ j ≤ n − 7 and let Gj be a finite commutative
group. Let {gj}
n−7
j=0 be a sequence of integers satisfying the following.
• All the integers are not smaller than −1.
• If gj = −1, then Gj is a trivial group.
There exists a 3-dimensional closed and connected orientable manifold Sj
satisfying H1(Sj ;Z) ∼= Gj , H2(Sj ;Z) ∼= {0} and H0(Sj ;Z) ∼= H3(Sj ;Z) = Z
(for example consider connected sums of Lens spaces). If gj > −1 holds, then
we can choose the family of disjoint submanifolds in N satisfying the following
two.
(1) The family includes a manifold diffeomorphic to Sj × Sn−j−4.
(2) The number of manifolds whose dimensions are dim(Sj × Sn−j−4) is
gj+1 and except the manifold diffeomorphic to Sj×S
n−j−4, homology
types of these manifolds with coefficient rings Z are same as that of
a sphere.
We also define a sequence {hj}nj=1 of non-negative integers satisfying the
following.
• if gj ≥ 0 (0 ≤ j ≤ n− 7), then hj+1 is 0.
• hn is not smaller than the sum
∑n−1
j1
hj
We can choose a family of disjoint submanifolds in N satisfying the follow-
ing.
HOMOLOGICAL INFORMATION OF FOLD MAPS GIVEN BY SURGERYING 21
• As (n−j)-dimensional manifolds, the family include just hj manifolds
whose homology groups with coefficients Z are isomorphic to that of
an (n− j)-dimensional sphere for j 6= n− 3, n.
• As (n−j)-dimensional manifolds, the family include just hj manifolds
whose homology groups with coefficient rings Q are isomorphic to that
of an (n− j)-dimensional sphere or manifolds whose homology groups
with coefficient rings Z are represented as 3-dimensional manifolds Sk
(0 ≤ k ≤ n− 7) just before for j = n− 3.
We can take each submanifold here in an open ball in an appropriate con-
nected component of the regular value set as explained in the presentation of
a strongly trivial normal bubbling operation in Example 1 (2).
By demonstrating normal M-bubbling (S-bubbling) operations, for exam-
ple, strongly trivial normal M-bubbling (resp. S-bubbling) operations, such
that the generating manifold is the inverse images of each submanifolds by
the natural maps from the Reeb spaces into N one after another and applying
Proposition 3, we obtain a new map f ′ :M ′ → N as in the following theorem.
Theorem 4. Let m and n be positive integers satisfying m > n ≥ 7. Let
f :M → N be a fold map
For integers 0 ≤ j ≤ n−7, we introduce integers gj and finite commutative
groups Gj satisfying the following two.
(1) gj ≥ −1.
(2) If gj = −1, then Gj is a trivial group.
For any integer 1 ≤ j ≤ n, we also introduce non-negative integers hj
satisfying the following.
(1) If gj ≥ 0 (0 ≤ j ≤ n− 7), then hj+1 is 0.
(2) hn is not smaller than the sum
∑n−1
j1
hj.
Let H be a finite commutative group and set groups {Hj}nj=1 as
• Hj is isomorphic to Hj(Wf ;Z)⊕ Zhj for j 6= n− 2
• Hj is isomorphic to Hj(Wf ;Z)⊕ Z
hj ⊕H for j = n− 2.
By a finite iteration of (strongly trivial) normal M-bubbling (S-bubbling) op-
erations such that the generating manifold of each operation is a product of a
3-dimensional manifold and a standard sphere or a manifold having the same
homology type with coefficient ring Z as that of a sphere starting from f , we
obtain a map f ′ :M ′ → N satisfying the following;
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Hi(Wf ′ ;Z) ∼=


Z (i = 0)
Hi ⊕ Zg0+1 (i = 1)
Hi ⊕ Zgi−1+1 ⊕Gi−2 (i = 2, 3)
Hi ⊕⊕
n−7
j=0Gj (i = n− 2)
Hi (i = n− 1)
Hi ⊕ Z
(
∑n−7
j=0
gj)+n−6 (i = n)
Hi ⊕ Zgi−1+2 ⊕Gi−2 (4 ≤ i ≤ n− 6, gi−4 > −1)
Hi ⊕ Z
gi−1+1 ⊕Gi−2 (4 ≤ i ≤ n− 6, gi−4 = −1)
Hi ⊕ Z⊕Gn−7 (4 ≤ i = n− 5, gn−9 > −1)
Hi ⊕Gn−7 (4 ≤ i = n− 5, gn−9 = −1)
Hi ⊕ Z (4 ≤ i = n− 4, gn−8 > −1)
Hi (4 ≤ i = n− 4, gn−8 = −1)
Hi ⊕⊕j∈{j′|gj′>−1}Hn−j−4(Sj × S
n−j−4;Z) (i = n− 3)
.
We present precise presentations on the homology groups which are im-
portant in knowing the types of homology groups to lead us to the result of
Theorem 4 and this gives a proof of this theorem. We abuse notation just
before Theorem 4.
We consider the case where the two groups H∗(Wf ;Z) and H∗(D
n;Z) are
isomorphic. In addition, we also assume that the groupH is trivial and hj = 0.
Of course we can consider similarly in general cases and for general cases, we
can obtain the result easily by Proposition 3 : moreover, if hj and the groups
Hj and H are general, then we need hj (n− j)-dimensional manifolds whose
homology groups with coefficient rings Z are isomorphic to that of an (n− j)-
dimensional sphere for j 6= n− 3, n, hn−
∑n−1
j1
hj points and and a family of
hj 3-dimensional manifolds satisfying the following for j = n− 3.
• If hj = 0, then the family is empty.
• If hj > 0, then the family includes just one 3-dimensional manifold
such that the homology group with coefficient ring Q is isomorphic
to the homology group with coefficient ring Q of a sphere and that
the 1st homology group with coefficient ring Z is H , and for all the
other manifolds of the family, the homology groups with coefficient
rings Z are isomorphic to the homology group with coefficient ring Z
of a sphere.
We have
H1(Wf ′ ;Z) ∼=
{
H0(S0 × Sn−4;Z)⊕ Zg0 (g0 6= −1)
{0} (g0 = −1)
,
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H2(Wf ′ ;Z) ∼=


H0(S1 × Sn−5;Z)⊕ Zg1 ⊕H1(S0 × Sn−4;Z) (g0 > −1, g1 > −1)
H0(S1 × Sn−5;Z)⊕ Zg1 (g0 = −1, g1 > −1)
Zg1+1 ⊕H1(S0 × Sn−4;Z) (g0 > −1, g1 = −1)
Zg1+1 (g0 = −1, g1 = −1)
H3(Wf ′ ;Z) ∼=


H0(S2 × Sn−6;Z)⊕ Zg2 ⊕H1(S1 × Sn−3;Z) (g1 > −1, g2 > −1)
H0(S2 × Sn−6;Z)⊕ Zg2 (g1 = −1, g2 > −1)
H1(S1 × Sn−3;Z) (g1 > −1, g2 = −1)
{0} (g1 = −1, g2 = −1)
.
Let H˜j = H1+(n−j−4)(Sj × S
n−j−4;Z) ∼= Gj for gj > −1 and let H˜j =
Gj ∼= {0} for gj = −1. We have
Hn−2(Wf ′ ;Z) ∼= ⊕
n−7
j=0 H˜j
∼= ⊕n−7j=0Gj
.
2 + (n− j − 4) = n− j − 2 and the (n− j − 2)-th homology group of each
generating manifold vanishes. These facts give us Hn−1(Wf ′ ;Z) ∼= {0}.
Hn(Wf ′ ;Z) is finitely generated free group and its rank equals the number
of times of normal M-bubbling (S-bubbling) operations: the sum of gj +1 for
all 0 ≤ j ≤ n− 7. For 4 ≤ i ≤ n− 6, we have the following;
Hi(Wf ′ ;Z) ∼=


H0(Si−1 × Sn−i−3;Z)⊕ Zgi−1 ⊕H3(Si−4 × Sn−i;Z)⊕Gi−2
∼= Zgi−1+2 ⊕Gi−2 (gi−1 > −1, gi−4 > −1)
H3(Si−4 × Sn−i;Z)⊕Gi−2
∼= Zgi−1+2 ⊕Gi−2 (gi−1 = −1, gi−4 > −1)
H0(Si−1 × Sn−i−3;Z)⊕ Zgi−1 ⊕Gi−2
∼= Zgi−1+1 ⊕Gi−2 (gi−1 > −1, gi−4 = −1)
Gi−2 ∼= Zgi−1+1 ⊕Gi−2 (gi−1 = −1, gi−4 = −1)
.
For 4 ≤ i = n− 5, we have the following;
Hi(Wf ′ ;Z) ∼=


H3(Sn−9 × S5;Z)⊕H1(Sn−7 × S3;Z) ∼=
Z⊕Gn−7 (gn−9 > −1, gn−7 > −1)
H1(Sn−7 × S3;Z) ∼= Gn−7 (gn−9 = −1, gn−7 > −1)
H3(Sn−9 × S5;Z) ∼= Z⊕Gn−7 (gn−9 > −1, gn−7 = −1)
{0} ∼= Gn−7 (gn−9 = −1, gn−7 = −1)
.
For 4 ≤ i = n− 4, we have the following;
Hi(Wf ′ ;Z) ∼=
{
H3(Sn−8 × S4;Z) ∼= Z (gn−8 > −1)
{0} (gn−8 = −1)
.
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Last, we have the following: Hn−3(Wf ′ ;Z) is represented as the direct sum
of all the groups Hn−j−4(Sj × Sn−j−4;Z) for j such that gj > −1.
This completes the precise presentations of homology groups.
We can also find homology types of Reeb spaces of maps we cannot obtain
by constructions of maps by normal M-bubbling (S-bubbling) operations as
the following.
Theorem 5. Let m and n be positive integers satisfying the relation m > n.
Let f : M → N be a fold map such that for a sequence {Gj}nj=1 of finitely
generated commutative groups , Hj(Wf ′ ;Z) is represented as Hj(Wf ;Z)⊕Gj.
Let us consider a finite iteration of normal M-bubbling (S-bubbling) opera-
tions starting from f satisfying the following.
(1) This iteration consists of k normal M-bubbling (resp. S-bubbling) op-
erations such that the generating manifold of the j-th operation is Sj
where the relation j ≤ k holds.
(2) Let i0 be a positive integer. For each Sj1 and for any homology group
Hj2(Sj1 ;Z) isomorphic to a non-trivial finite group, then for some
positive integer ij ≤ i0, Hj2−ij (Sj1 ;Z) (Hj2+ij (Sj1 ;Z)) is an infinite
group.
Then by the iteration of normal M-bubbling (resp. S-bubbling) operations
starting from f , we have a fold map f ′ : M ′ → N and for any group Gj′
isomorphic to a non-trivial finite group, there exists a positive integer j′a ≤ i0
and Gj′−j′a (resp. Gj′+j′a) is an infinite group.
Furthermore, assume that there exists an integer d satisfying the following.
(1) For an integer d1, the group Gd1 is non-trivial and finite.
(2) For any non-negative integer d2 smaller than d, the group Gd1+d2 is
non-trivial and finite.
Then d is not larger than i0.
Proof. For any group Gj′ in the sequence {Gj} isomorphic to a non-trivial
finite group, by Proposition 3, there exists a generating manifold Sc, an integer
j′b > 0 and a non-trivial finite subgroup represented as Hj′−j′b(Sc;Z) ⊗ Z;
note that the dimension of Sc is n−j′b and that Hj′−j′b(Sc;Z) is a non-trivial
finite group.
We prove the first statement in the case where Hj2−ij (Sj1 ;Z) is an infinite
group for the integers j1, j2 and ij (we call this the minus case). Set j1 = c
and j2 = j
′ − j′b in Hj′−j′b(Sc;Z) ⊗ Z in the previous paragraph. Then for
a positive integer ij ≤ i0, Hj2−ij (Sc;Z) is an infinite group. As a result,
we have Gj2−ij+j′b
∼= Gj′−j′b−ij+j′b
∼= Gj′−ij and the group is infinite and
Hj2−ij (Sc;Z) ⊗ Z is regarded as its subgroup by Proposition 3 since Sc is
(n− j′b)-dimensional. We can take j
′
a = ij and this completes the proof.
We can prove this similarly in the case where Hj2+ij (Sj1 ;Z) is an infinite
group (we call this the plus case) for the integers j1, j2 and ij.
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From these statements, the last statement for the integer d follows imme-
diately. 
Example 4. We consider the iteration of normal M-bubbling operations in
the proof of Theorem 4. This case is an example of the case i0 = 1 and the
minus case in the situation of Theorem 5. We can also say that this case is
an example of the case i0 = 2 and the plus case.
We introduce another family of maps obtained by the operations from a
given map.
Theorem 6. Let f :M → N be a fold map and let n ≥ 5.
For any integer 0 ≤ j ≤ n − 1, we define Gj as a finite commutative
group so that G0, G1, Gn−2 and Gn−1 are trivial and that for n ≥ 6, Gn−3 is
regarded as the direct sum of the direct sum ⊕n−4j=2Gj and a commutative group
G. We also define a non-negative integer hj for any integer 0 ≤ j ≤ n− 1 so
that the following hold.
(1) If for each integer 2 ≤ j ≤ n − 4, Gj is not trivial, then hj−1 is
positive.
(2) if the direct sum ⊕n−4j=2Gj is not ismorphic to Gn−3, or n = 5 and
Gn−3 is not trivial, then hn−4 is positive.
(3) hn−1 is not smaller than the sum
∑n−2
j=0 hj.
Under these assumptions, by a finite iteration of M-bubbling (S-bubbling) oper-
ations starting from f , we obtain a fold map f ′ such that for j > 0, Hj(Wf ′ ;R)
is isomorphic to the group Hj(Wf ;R)⊕ Zhj−1 ⊕Gj−1.
Proof. As mentioned, for any commutative groupG, there exists a 3-dimensional
connected, closed and orientable manifold SG such that the groups H0(SG;Z)
andH3(SG;Z) are isomorphic to Z, H1(SG;Z) is isomorphic toG andH2(SG;Z)
is trivial and this manifold can be smoothly embedded into R5. Note that
by fundamental technique of differentiable topology or the theory of higher-
dimensional knots and links, for any positive integer k, we can construct a
(k + 3)-dimensional closed manifold SG,k by gluing D
k+1 × S2 and the prod-
uct of Sk and a manifold obtained by removing the interior of a smoothly
embedded 3-dimensional closed disc from SG on the boundaries so that the
following hold.
(1) For j = 1 and j = k + 1, Hj(SG,k;Z) is isomorphic to G and for any
other integer 0 < j < k + 3, Hj(SG,k;Z) is trivial.
(2) We can smoothly embed SG,k into R
k+5.
We need the following family of generating manifolds to obtain the resulting
map and source manifold by normal M-bubbling (S-bubbling) operations.
(1) If for any integer 1 ≤ j ≤ n− 4, then there exist just hj (n− j − 1)-
dimensional manifolds. If hj > 0 holds, then there exists hj − 1
manifolds whose homology groups are isomorphic to Sn−j−1 for 1 ≤
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j ≤ n − 4. Moreover, for each integer 1 ≤ j < n − 4, if hj > 0
holds, then just one manifold diffeomorphic to SGj ,n−j−4 exists in the
family and for j = n−4, if hj > 0 holds, then exists just one manifold
diffeomorphic to SG in the family.
(2) For j = 0, n−3, n−2, there exist just hj (n− j−1)-dimensional man-
ifolds and their homology groups with coefficients Z are isomorphic
to that of Sn−j−1 as (n− j − 1)-dimensional manifolds.
(3) In the family, there exists just hn−1 −
∑n−2
j=0 hj points.

Note that we cannot take i0 as 1 in the situation of Theorem 5 in general
in this theorem. Moreover, for example, in the case n = 6 or equivalently,
n−4 = 2 holds, we can obtain an example we cannot obtain in the case where
i0 is 1.
From Proposition 5, related to Theorem 4 or 6, we have the following.
Corollary 4. In the situation of Theorem 4 or 6, let the map f be almost-
special generic and the inequality m−n > n−2 hold. If for the source manifold
M ′ of the resulting fold map f ′ obtained by a finite iteration of S-bubbling
operations, the 1st homology group H1(M
′;Z) is trivial and Hn−2(Wf ′ ;Z) is
not free, then the source manifold does not admit an almost special generic
map into Rn.
Now we extend normal bubbling operations to obtain other maps and Reeb
spaces.
Definition 5. In Definition 3, let S be the bouquet of finite connected and
orientable closed submanifolds whose dimensions are smaller than n of P and
N(S), N(S)i and N(S)o be small regular neighborhoods of S in P such that
N(S)i ⊂ N(S) ⊂ N(S)o holds and that these three are isotopic as regular
neighborhoods. By a similar way, we define a similar operation and call the
operation a bubbling operation to f . We call Q0 := f¯
−1(S)
⋂
qf (Q), which is
homeomorphic to S, the generating polyhedron of the bubbling operation.
We can define an M-bubbling operation and an S-bubbling operation simi-
larly. We can also define a trivial bubbling operation similarly as in Example
1 (1). FIGURE 8 and FIGURE 9 represent simple examples.
Proposition 6. Let f : M → N be a fold map. Let f ′ : M ′ → N be a
fold map obtained by an M-bubbling operation to f . Let S be the generating
polyhedron of the M-bubbling operation. Let k be a positive integer and S be
represented as the bouquet of submanifolds Sj where j is an integer satisfying
1 ≤ j ≤ k. Then, for any integer 0 ≤ i < n, we have
Hi(Wf ′ ;R) ∼= Hi(Wf ;R)⊕⊕
k
j=1(Hi−(n−dimSj)(Sj ;R))
and we also have Hn(Wf ′ ;R) ∼= Hn(Wf ;R)⊕R.
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Figure 8. The case where the generating polyhedron is a
bouquet of two circles (n = 2).
Figure 9. The case where the generating polyhedron is a
bouquet of a circle and a 2-dimensional sphere (n = 3).
Proof. Let N(S) be a small regular neighborhood of S in Wf as in Definition
4. The spaceWf ′ is obtained by attaching qf ′(qf
−1(N(S))) toWf on N(S) ⊂
Wf . We have the following exact sequence.
−−−−→ Hi(N(S);R) −−−−→ Hi(Wf ;R)⊕Hi(qf ′(qf−1(N(S)));R)
−−−−→ Hi(Wf ′ ;R) −−−−→ Hi−1(N(S);R)
−−−−→ Hi−1(Wf ;R)⊕Hi−1(qf ′(qf−1(N(S)));R) −−−−→
N(S) is regarded as a boundary connected sum of the manifolds N(Sj)
and each N(Sj) is regarded as the total space of a bundle over Sj whose fiber
is an (n− dimSj)-dimensional standard closed disc.
qf ′(qf
−1(N(S))) is regarded as a connected sum of n-dimensional orientable
closed and connected manifolds Qj satisfying the following two where j is an
integer satisfying 1 ≤ j ≤ k.
• Qj is regarded as the total space of a linear Sn−dimSj -bundle over Sj .
• The bundle N(Sj) over Sj is a subbundle of the bundle Qj whose
fiber is Dn−dimSj ⊂ Sn−dimSj .
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Hi(Qj ;R) is of the form ⊕ii′=0Hi′(N(Sj);R) ⊗ Hi−i′(S
n−dimSj ;R). The
homomorphism from Hi(N(Sj);R) into Hi(Qj ;R) or ⊕ii′=0Hi′(N(Sj);R) ⊗
Hi−i′(S
n−dimSj ;R) induced from the natural inclusion is injective and of the
form x 7→ x⊗ 1 ∈ Hi(N(Sj);R)⊗H0(Sn−dimSj ;R).
Since qf ′(qf
−1(N(S))) is regarded as a connected sum of manifolds Qj, for
any integer 0 < i < n,Hi(qf ′(qf
−1(N(S)));R) is isomorphic to⊕kj=1Hi(Qj;R)
and H0(qf ′(qf
−1(N(S)));R) ∼= Hn(qf ′(qf−1(N(S)));R) ∼= R holds.
By virtue of these observations, for any integer 0 < i < n, we have
Hi(Wf ′ ;R) ∼= Hi(Wf ;R)⊕⊕
k
j=1(Hi−(n−dimSj)(Sj ;R))
. We also have H0(Wf ′ ;R) ∼= H0(Wf ;R) and Hn(Wf ′ ;R) ∼= Hn(Wf ;R)⊕R.
Note that the first result holds for i = 0 since Hi−(n−dimSj)(Sj ;R) is zero for
i = 0. 
Corollary 5. In the situation of Proposition 5, if Hi−(n−dimSj)(Sj ;R) is free
for any 1 ≤ j ≤ k and Hi(Wf ;R) is free, then Hi(Wf ′ ;R) is also free.
By applying M-bubbling operations, we have results similar to ones men-
tioned in Theorem 1 and Theorem 2 for example. However, some statements
are a bit different. For example, we have the following.
Theorem 7. Let R be a PID. For any integer 0 ≤ j ≤ n, we define Gj
as a free and finitely generated module over R so that G0 is trivial and that
Gn is not zero. Then, by a finite iteration of normal M-bubbling (S-bubbling)
operations to a map f , we obtain a fold map f ′ such that Hj(Wf ′ ;R) is
isomorphic to Hj(Wf ;R)⊕Gj.
Proof. As done in Theorem 2, we show the statement in the case where f is
the natural projection of the standard sphere and we can show this in general
cases similarly.
Set gj = rank Gj . We can choose gn ≥ 1 disjoint polyhedra in an open
disc in an appropriate connected component of the regular value set as in
Example 1 (1) so that the following hold.
(1) Each polyhedron is a bouquet of spheres whose dimensions are not
smaller than 1 and not larger than n− 1 or a point.
(2) The number of k-dimensional spheres used in all of these bouquets is
gn−k.
We can apply (trivial) M-bubbling (S-bubbling) operations such that the gen-
erating polyhedra are inverse images of connected components in the previous
disjoint polyhedra by the maps from the Reeb spaces to Rn as in Definition 2
one after another starting from the given map f . By Proposition 6, we have
a desired map.
Furthermore, if we choose gn ≥ 1 disjoint polyhedra in an open disc in
an appropriate connected component of the regular value set as in Example
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1 (1) such that the following two hold and that we can demonstrate a finite
iteration of M-bubbling (resp. S-bubbling) operations similarly, then we also
have a desired map.
(1) Each polyhedron is a bouquet of manifolds whose dimensions are not
smaller than 1 and not larger than n− 1 or a point.
(2) The number of k-dimensional manifolds used in all of these bouquets
is gn−k and their homology types with coefficient rings R are same as
that of a k-dimensional sphere.

Compare this theorem to Theorem 2 (1) and (2) for example.
Last, we have the following, which explicitly implies that there exists a
family of resulting maps obtained by finite iterations of bubbling operations
to a given map such that the homology groups of the resulting Reeb spaces
are mutually isomorphic.
Theorem 8. Let N = Rn. Let R be a PID. For any integer 0 ≤ j ≤ n
and a finitely generated module Gj over R satisfying that G0 is trivial and
that Gn is not zero. By a finite iteration of M-bubbling operations to a map
f : M → Rn, let us obtain a fold map f ′ such that Hj(Wf ′ ;R) is isomorphic
to Hj(Wf ;R) ⊕ Gj and let us denote a polyhedron PL homeomorphic to the
generating polyhedron of the k-th M-bubbling operation by Pk. Let {Qk} be
a family of a finite number of bouquets of finite numbers of smooth, closed,
connected and orientable manifolds whose dimensions are smaller than n such
that each Qk can be realized as a bouquet of smooth closed submanifolds in R
n
and that {Pk} is a subsequence of {Qk}. Then there exists a finite iteration
of bubbling operations to f satisfying the following and we obtain a fold map
such that the homology group of the Reeb space is isomorphic to that of Wf ′
in the assumption.
(1) For the k-the operation, the generating polyhedron is PL homeomor-
phic to Qk.
(2) For the step corresponding to Pk and the corresponding generating
polyhedron is Pk, the corresponding bubbling operation is an M-bubbling
operation.
(3) For steps except the steps just before, the corresponding bubbling op-
erations are not M-bubbling operations.
Furthermore, at each step, we can take the connected component of f(M) −
f(S(f)) including the corresponding generating polyhedron and the correspond-
ing connected component of the inverse image arbitrary. Furthermore, at the
step corresponding to Pk, the resulting two connected components of the corre-
sponding inverse image of a corresponding regular value can be any pair such
that the connected sum is the original connected component and at the step
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not corresponding to any polyhedron in {Pk}, the resulting connected compo-
nent of the corresponding inverse image of a corresponding regular value can
be any manifold obtained by attaching a handle whose index is smaller than
m− n to the original connected component.
We only explain essential discussions in the proof and it is not difficult to
understand the proof.
Important points of the proof. We are enough to take each generating poly-
hedron in an open ball in an arbitrary connected component of the regular
value set and at each step, perform a trivial bubbling operation after choos-
ing an arbitrary connected component of the inverse image of the open ball:
note that in this discussion, the assumptions N = Rn etc. are essential. The
results on resulting inverse images of corresponding regular values are based
on the definition of (M-)bubbling operation. 
References
[1] Y. K. S. Furuya and P. Porto, On special generic maps from a closed manifold into the
plane, Topology Appl. 35 (1990), 41–52.
[2] M. Golubitsky and V. Guillemin, Stable mappings and their singularities, Graduate
Texts in Mathematics (14), Springer-Verlag (1974).
[3] N. Kitazawa, On round fold maps (in Japanese), RIMS Kokyuroku Bessatsu B38
(2013), 45–59.
[4] N. Kitazawa, On manifolds admitting fold maps with singular value sets of concentric
spheres, Doctoral Dissertation, Tokyo Institute of Technology (2014).
[5] N. Kitazawa, Fold maps with singular value sets of concentric spheres, Hokkaido Math-
ematical Journal Vol.43, No.3 (2014), 327–359.
[6] N. Kitazawa, On the homeomorphism and diffeomorphism types of manifolds admitting
round fold maps, arXiv:1304.0618.
[7] M. Kobayashi, Stable mappings with trivial monodromies and application to inactive
log-transformations, RIMS Kokyuroku. 815 (1992), 47–53.
[8] M. Kobayashi, Bubbling surgery on a smooth map, preprint.
[9] M. Kobayashi and O. Saeki, Simplifying stable mappings into the plane from a global
viewpoint, Trans. Amer. Math. Soc. 348 (1996), 2607–2636.
[10] J. Milnor, Morse Theory, Annals of Mathematic Studies AM-51, Princeton University
Press; 1st Edition (1963.5.1).
[11] J. Milnor, Lectures on the h-cobordism theorem, Math. Notes, Princeton Univ. Press,
Princeton, N.J. 1965.
[12] J. Milnor and J. Stasheff, Characteristic classes, Annals of Mathematics Studies, No.
76. Princeton, N. J; Princeton University Press (1974).
[13] M. Nishioka, Special generic maps of 5-dimensional manifolds, Revue Roumaine de
Mathe`matiques Pures et Applique`es, Volume LX No.4 (2015), 507–517.
[14] G. Reeb, Sur les points singuliers du`ne forme de Pfaff completement integrable ou dune
fonction numerique, -C. R. A. S. Paris 222 (1946), 847–849.
[15] O. Saeki, Notes on the topology of folds, J. Math. Soc. Japan Volume 44, Number 3
(1992), 551–566.
[16] O. Saeki, Topology of special generic maps of manifolds into Euclidean spaces, Topol-
ogy Appl. 49 (1993), 265–293.
HOMOLOGICAL INFORMATION OF FOLD MAPS GIVEN BY SURGERYING 31
[17] O. Saeki, Topology of special generic maps into R3, Workshop on Real and Complex
Singularities (Sao Carlos, 1992), Mat. Contemp. 5 (1993), 161–186.
[18] O. Saeki and K. Sakuma, On special generic maps into R3, Pacific J. Math. 184 (1998),
175–193.
[19] O. Saeki and K. Suzuoka, Generic smooth maps with sphere fibers J. Math. Soc. Japan
Volume 57, Number 3 (2005), 881–902.
[20] K. Sakuma, On special generic maps of simply connected 2n-manifolds into R3, Topol-
ogy Appl. 50 (1993), 249–261.
[21] K. Sakuma, On the topology of simple fold maps, Tokyo J. of Math. Volume 17,
Number 1 (1994), 21–32.
[22] N. Steenrod, The topology of fibre bundles, Princeton University Press (1951).
[23] K. Suzuoka, On the topology of sphere type fold maps of 4-manifolds into the plane,
PhD Thesis, Univ. of Tokyo (March 2002).
[24] R. Thom, Les singularites des applications differentiables, Ann. Inst. Fourier (Greno-
ble) 6 (1955-56), 43–87.
[25] C. T. C. Wall, All 3-manifolds embed in 5-space, Bull. Amer. Math. Soc. 71 (1965),
564–567.
[26] H. Whitney, On singularities of mappings of Euclidean spaces: I, mappings of the plane
into the plane, Ann. of Math. 62 (1955), 374–410.
Industry of Mathematics for Industry, Kyushu University, 744 Motooka, Nishi-
ku Fukuoka 819-0395, Japan
E-mail address: n-kitazawa.imi@kyushu-u.ac.jp
